A new set of renormalization-group equations is presented. These equations are based on a renormalization procedure in which counterterms are calculated for zero unrenormalized mass. Unlike the Gell-Mann-Low and Callan-Symanzik equations, they can be solved for arbitrary momenta. 
I. INTRODUCTION
The renormalization-group equations of GellMann and Low' and the closely related equations of Callan and Symanzik have been widely used in studies of asymptotic behavior at large momenta. '
Recently they have been brought into even greater prominence through the discovery by Gross and Wilczek' and Politzer' that non-Abelian gauge theories can exhibit free-field asymptotic behavior. However, useful as these equations are, there has always been some doubt as to the nature and the truth of the assumptions that need to be made in deriving their large-momentum limit. This is not a mere matter of mathematical rigor, but a serious problem of whether or not terms which are suppressed by inverse powers of momentum in each order of perturbation theory remain asymptotically negligible when the perturbation series is summed. In addition, and even more important from a practical point of view, it is difficult to use the Gell-Mann-Low or CallanSymanzik equations to obtain asymptotically nonleading terms, which play an important role in calculations of weak and electromagnetic corrections to hadronic symmetries. '
This paper will present a set of "new renormalization-group equations, " which share the good features of the equations of Callan and Symanzik and Gell-Mann and Low, and have the following additional advantages:
(i) The new renormalization-group equations can be solved before passing to the high-energy limit. This is in contrast to the Gell-Mann-Low equations and the Callan-Symanzik equations, where terms which vanish in perturbation theory like powers of the ratio of mass to momentum must be discarded before a useful solution can be obtained.
(ii) The solutions of the new renormalization group equations for general nonasymptotic momenta are similar to the high-momentum solutions of the Gell-Mann -Low or Callan-Symanzik equations, except that in addition to a momentum-dependent "effective coupling constant", they also involve a momentum-dependent "effective mass".
Thus, the question of the validity of the high-momentum solutions of the G ll-Mann-Low or CallanSymanzik equations hinges on whether or not the effective mass vanishes at large momentum. We shall see that it does vanish if a certain anomalous dimension is less than unity; in particular, this is the case in theories with free-field asymptotic behavior.
(iii) By expanding in powers of the effective mass, me can easily use the new renormalizationgroup equations to derive not only an asymptotic limit but the first three terms in an asymptotic expansion for general Green's functions at large mome nta.
The derivation of the new renormalization group equations depends on the use of a "zero mass" re- In the Callan-Symanzik approach, a conventional renormalization procedure is used, so that no arbitrary renormalization scale parameter p, need be introduced. In place of Eqs. We see that the precise condition, which ensures that the zero-mass limit has the uniformity properties assumed in the Gell-Mann-Low approach, and also ensures that the right-hand side of the Callan-Symanzik equations remains asymptotically negligible when summed to all orders in perturbation theory, is just that m(z) should vanish as tc-~.
This will depend on the magnitude and sign of the anomalous dimension ye, and, in particular, is always satisfied in asymptotically free theories.
However, even when m(a) does vanish, it is very difficult to use the Gell-Mann-Low or CallanSymanzik methods to derive the terms of higher order in m(z). In making use of the Callan- 
The solution takes the form I'"'(p, g"o, q) =f'""(P,~) + gR'f'""(P,~) (7.4) +gR'f'""(p, V)+ " (7 8) In particular, the effective mass defined by (3.8) and (3.9) is given by Using (7.8), (7.2), (7.4), and (7.5) in (7.7) yields the power series for F~": C~-= C r+nCme.
{n) (7.10)
For example if we calculate I'R"up to first order in g"' we can determine the quantities f "",f'"", and
Ci, "i, and then (7.9) immediately yields the coefficient of ln'« in the term of second order in gR'.
The result (7.9) becomes particularly useful in cases where the effective anomalous dimension yr +&ye vanishes. We then have C "rr = 0 for all m, so that (7.9) simplifies to I" "(«P"gR,mR, P) = -, «r "mR"$f'"' ( PP)+g 'fR"' (P"u)+gR[f (Po &) (4) The considerations of this article also apply when the renormalization prescriptions are defined using the actual values for all internal masses, as long as the external momenta are kept off the mass shell in all cases, even in the case of mass renormalization.
The functions P, y, and ye then depend on both y~a nd m~/p. However, the renormalization group equations can still be solved for arbitrary momentum, the solutions depending on an effective coupling and mass defined by a pair of couPled nonlinear ordinary differential equations. As long as the anomalous dimension y~s tays sufficiently above the value -1, the effective mass will still vanish at large momentum, and all the usual results will follow, even for theories involving scalar fields.
